Comments on Gauge Equivalence in Noncommutative Geometry by Asakawa, T & Kishimoto, I
KUNS-1606
hep-th/9909139
Comments on Gauge Equivalence
in Noncommutative Geometry
Tsuguhiko Asakawaand Isao Kishimotoy
Department of Physics, Kyoto University, Kyoto 606-8502, Japan
September, 1999
Abstract
We investigate transformation from ordinary gauge field to
noncommutative one which was introduced by N. Seiberg and
E. Witten (hep-th/9908142). It is shown that the general trans-
formation which is only determined by gauge equivalence has a
path dependence in ‘θ-space’, but this ambiguity is negligible in
comparison of Dirac-Born-Infeld action in U(1) case, because of
the U(1) nature and of its very rough approximation. However,
next order approximation or U(N) case, ambiguity is not negli-




Gauge theories on noncommutative spaces have been investigated for many
years from mathematical and physical viewpoint [2]. In string theory, es-
pecially the worldvolume theory of D-branes in a background B-field is de-
scribed by noncommutative Yang-Mills or Dirac-Born-Infeld theory.
Recently, Seiberg and Witten [1] argued the equivalence between ordinary
gauge fields and noncommutative gauge fields as the low energy effective
theory of open strings: they arise from same two-dimensional field theory
regularlized in different ways, so that there must be a transformation among
them. In [1], this transformation is uniquely given by the gauge equivalence
relation, and this implies the equivalence between ordinary Dirac-Born-Infeld
action and noncommutative one.
In this short note, we re-examine the validity of above arguments and
point out that the transformation of [1] has in general ambiguities. In section
2, we begin with the gauge equivalence relation between two nearby points
in the ‘θ-space’ and show that there are ambiguities with arbitrary constant
parameters, which is understood in some trivial sense. And then, we discuss
its path dependence in the ‘θ-space’, which arises with infinitesimal deriva-
tion twice. This implies the existence of another source for ambiguity. In
section 3 we investigate these ambiguities from another viewpoint. Next in
section 4, we consider U(1) case in slowly varying field approximation. This
is the situation of [1], comparing ordinary Dirac-Born-Infeld action with non-
commutative one. In this case all ambiguities do not change the result of [1],
because of the U(1) nature and of the very rough approximation. In section
5, we give some conclusion and discussion.
2 Gauge Equivalence Relation
In [1], it is obtained that a transformation from ordinary gauge field Ai (and
gauge parameter λ) to noncommutative gauge field Aˆi (and gauge parameter
λˆ) by demanding their gauge equivalence relation. However, it will be shown
that their statement has generally ambiguity. Here we investigate the gauge
equivalence relation carefully.
Consider a noncommutative, associative algebra Aθ = (g⊗C1, ) ,where
g is some Lie algebra and the  product is defined to be the tensor prod-












f(y)g(z)jy=z=x with constant antisymmetric tensor
θkl = −θlk. Note that θ are arbitrary parameters and we denote θ-space ϑ
as parameter spaces of whole set of algebra fAθgθ2ϑ.
We assume there exists some mapping from Aθ to another Aθ˜ in a way
that preserve gauge equivalence relation, which is described by the following
equation in terms of gauge fields and gauge parameters A˜i(Aˆ), λ˜(Aˆ, λˆ) 2 Aθ˜
and Aˆi, λˆ 2 Aθ:
A˜i(Aˆ) + δ˜λ˜A˜i(Aˆ) = A˜i(Aˆ + δˆλˆAˆ), (1)





. 1 and likewise for δ˜λ˜. This relation means naively that the





Especially in the case of nearby points in ϑ, i.e., θ˜ = θ + δθ with in-
finitesimal δθ, this commutativity is significant because (1) is written in the
variational form in this case as
δˆλˆδAˆi = δδˆλˆAˆi (2)
by writing A˜ = Aˆ+ δAˆ(Aˆ)+O(δθ), λ˜ = λˆ+ δλˆ(Aˆ, λˆ)+O(δθ) and expanding
to first order in δθ.
We first look for the solution of eq.(1) in the way that is discussed in next
section. It can be easily rewritten as 2




= −12δθklf∂kAˆi, ∂lλˆg, (4)
1In this paper, [Aˆ, Bˆ] = Aˆ  Bˆ − Bˆ  Aˆ, fAˆ, Bˆg = Aˆ  Bˆ + Bˆ  Aˆ.
2use following relations
δff, gg = fδf, gg+ff, δgg+ i
2




which corresponds to n = 1 case of (10). Note that this form is actually the
same one in [1]: the δθ version of eq.(3.4). It is solved most generally by (see
next section for detail)
δAˆi = −14δθklfAˆk, ∂lAˆi + Fˆlig+ αδθklDˆiFˆkl + βδθklDˆi[Aˆk, Aˆl],
δλˆ = 14δθ






2fFˆik, Fˆjlg − fAˆk, DˆlFˆij + ∂lFˆijg
)
−iαδθkl[Fˆij , Fˆkl]− iβδθkl[Fˆij , [Aˆk, Aˆl]], (5)




is the field strength and α, β are arbitrary
constants. (α = β = 0 case corresponds to (3.8) of [1].) This says that
only with the requirement of the gauge equivalence there exist in general
ambiguity to determine a infinitesimal mapping. However, note that its
ambiguity has rather trivial origin because we looked for two functions δAˆi,
δλˆ as the solution of one equation (2), and that the terms with α, β have
formally a form of some gauge transformation. From the beginning, the
mapping that preserves the gauge equivalence relation is the one which maps
gauge orbits from Aθ to Aθ˜ rather than gauge fields themselves. Therefore,
this kind of ambiguity is not relevant when we discuss only gauge equivalence
classes.
However, applying δθ-variation twice, we will encounter the second kind
of ambiguities. Denote each variation as δ1 and δ2, respectively, which are in
general different direction with each other in the θ-space, and consider their
commutation relation acting on Aˆi:
[δ1, δ2]Aˆi, (6)
which measures the ‘path dependence’ in θ-space ϑ. Substituting the first




−14δθkl2 fAˆk, ∂lAˆi + Fˆlig+ αδθkl2 DˆiFˆkl + βδθkl2 Dˆi[Aˆk, Aˆl]
)








4i[Fˆkp, ∂l∂qAˆi] + 4[Fˆkp, [Aˆl, ∂qAˆi] + [Aˆq, ∂lAˆi]]
−[∂kAˆp + Fˆkp, [Aˆl, DˆiAˆq]] + [∂pAˆk + Fˆpk, [Aˆq, DˆiAˆl]]
+fAˆk, fFˆlq, DˆiAˆpgg − fAˆp, fFˆql, DˆiAˆkgg
3
−ifAˆp, fAˆk, [Aˆl, DˆiAˆq]gg+ ifAˆk, fAˆp, [Aˆq, DˆiAˆl]gg
+2i[∂pAˆk, Dˆi∂qAˆl]− 2i[∂kAˆp, Dˆi∂lAˆq]
−[[Aˆk, Aˆp], Dˆi∂qAˆl] + [[Aˆp, Aˆk], Dˆi∂lAˆq]








iα2[Fˆkl, Fˆpq] + iβ
2[[Aˆk, Aˆl], [Aˆp, Aˆq]]
+iαβ([[Aˆk, Aˆl], Fˆpq]− [[Aˆp, Aˆq], Fˆkl])
+14α(f∂kFˆpq, Aˆlg − f∂pFˆkl, Aˆqg)
+14β(f∂k[Aˆp, Aˆq], Aˆlg − f∂p[Aˆk, Aˆl], Aˆqg)
)
+δθkl2 δ1(αFˆkl + β[Aˆk, Aˆl])− δθpq1 δ2(αFˆpq + β[Aˆp, Aˆq])
)
. (7)
Note that the sum of all α, β dependent terms again has the form of some
gauge transformation (with Aˆi dependent parameter), which is naturally un-
derstood because gauge transformations are closed under commutation re-
lations. Contrary, α, β independent terms are quite nontrivial and they do
not disappear in general. That is there exists path dependence if we repeat
variations more than one step in δθ. In terms of the gauge equivalence, (7)
means as follows. In the same sence as discussion above for the one-step
derivation, a gauge orbit in Aθ is mapped to a orbit in Aθ+δθ1+δθ2 , but now







A vertical line denotes gauge orbit on a point in θ-space.
4
The double line denotes two different orbits on the same point.
This second type of ambiguities accumulate globally in θ-space, if we
consider any mapping from Aθ to Aθ˜ at a finite distance in θ-space. In other
words, if a path is fixed by hand, its transformation on gauge fields can be





Of course, δAˆ has also the first type of ambiguities. If we further fix α and
β by hand, i.e. select a representative, then A˜ is uniquely ‘determined.’ The
procedure described in [1], where the functional Aˆ(A) is determined order by
order in θ, is exactly the one discussed here. In fact, in this case with θ = 0
and θ˜ = θ, if we fix α = β = 0 and choose a ‘straight line’ in θ-space as the
path of integration. Here the ‘straight line’ corresponds to the existence of
formal exponential solution of (5) whose exponent is almost δ operation.
Note that there exist no rule to select a particular path from the stand-
point of gauge theory (or more precisely a space of whole set of algebra
fAθgθ2ϑ.) It needs some physical requirement. In x4 we discuss the equiva-
lence of actions between ordinary gauge theory and noncommutative one in
this point of view.
3 More Comments on Ambiguity
In this section, we investigate gauge equivalence relation (1) from another
viewpoint.
To get a transformation which satisfies (1) from Aˆi, λˆ 2 Aθ to A˜i, λ˜ 2 Aθ˜













(n) 2 Aθ are O(δθn), and Aˆ(0)i = Aˆi, λˆ(0) = λˆ.
Substitute this formal expansion (9) in (1), the equation of O(δθn) is
δˆλˆAˆ
(n)










δθk1l1    δθkrlr
[




where summation ranges in p+ q + r = n, p, q, r  0, p 6= n, q 6= n and [ , g




(n) in the left hand side are determined by O(δθn−1) quantities in
the right hand side.
That is, concrete procedure to get Aˆ
(n)
i , λˆ
(n) is as follows : using the
solution of (10) Aˆ
(k)
i , λˆ
(k) up to O(δθn−1), we write Aˆ(n), λˆ(n) as a polynomial
of δθn, Aˆi, ∂jAˆk, . . . , λˆ, ∂lλˆ, . . . in most general form with expected indices
3
and substitute it in (10), then we can determine its coefficients order by order
of δθ.













Then we can freely add them to Aˆ
(n)
i , λˆ
(n) which also satisfy equation (10).
Using relation








, . . . , (12)
we obtain




acts like ∂iλˆ  δδAˆi i.e., replaces Aˆi with ∂iλˆ but does not act on Aˆi














i (Fˆjk, DˆlFˆmn, . . .) + i
[
GˆFi (Fˆjk, DˆlFˆmn, . . .), λˆ
]
= 0. (15)
where GˆFi (Fˆjk, DˆlFˆmn, . . .) is a polynomial of Fˆjk, DˆlFˆmn, . . . in Aθ.
3We assume here that a transformation from Aˆi, λˆ to A˜i, λ˜ can be expressed by some
polynomial of Aˆi, λˆ, ∂jAˆk, . . . , δθmn only and indices are contracted among them.
6





i (Fˆjk, DˆlFˆmn, . . . ; δθ
n) + DˆiGˆ




Gˆ(n)(Aˆj , DˆkAˆl, . . . ; δθ
n), (16)
This means that there is large ambiguity due to arbitrary polynomials
Gˆ(n)(Aˆj, DˆkAˆl, . . . ; δθ
n), Gˆ
(n)F
i (Fˆjk, DˆlFˆmn, . . . ; δθ
n) order by order in (9). This
result is consistent with path dependence of x2.
In particular, if we take δθ infinitesimal and consider up to O(δθ1) then
the ambiguity has the form as
Gˆ(1)(Aˆj , DˆkAˆl, . . . ; δθ
1) = βδθkl[Aˆk, Aˆl],
Gˆ
(1)F
i (Fˆjk, DˆlFˆmn, . . . ; δθ
1) = αδθklDˆiFˆkl, (17)
where α, β are arbitrary constants. From (17)(16) this is the α, β dependent
term in (5). Note that these α, β parameters are most general ambiguity in
O(δθ1).
4 U(1) Case
In this section, we consider the case that the gauge group is U(1). And we
assume here that Fˆij is slowly varying and can ignore O(∂Fˆ ). This approxi-
mation is adopted when we consider Dirac-Born-Infeld action. Precisely, we
regard Fˆ  ∂Aˆ as O(1) and count the order by (the number of ∂)−(that of
Aˆ).
Note that Dˆi = ∂i+θ
jk∂jAˆi∂k+O(∂Fˆ ∂), Fˆij = ∂iAˆj−∂jAˆi+θkl∂kAˆi∂lAˆj+
O(∂4Fˆ ), and that α, β dependent terms are O(∂2Fˆ ) and negligible in δAˆi in
(5).







1 Dˆi(AˆkAˆpFˆlq) +O(Aˆ∂Fˆ ) (18)








4(i[DˆpFˆik, DˆqFˆjl]− i[DˆkFˆip, DˆlFˆjq]
4The first equal of (19) is exact even in U(n) case and the second one is valid in U(1)
case.
7
+[[Fˆik, Fˆjp] + [Fˆip, Fˆjk], Fˆlq])
+4(i[Fˆkp, ∂l∂qFˆij ] + [Fˆkp, [Aˆq, ∂lFˆij] + [Aˆl, ∂qFˆij ]])
+2[[Aˆp, Aˆk], [∂lAˆq, Fˆij] + [∂qAˆl, Fˆij ]]
+i[∂qAˆl + Fˆql, [Aˆp, [Aˆk, Fˆij ]]]− i[∂lAˆq + Fˆlq, [Aˆp, [Aˆk, Fˆij ]]]
+ifAˆp, fFˆlq, [Aˆk, Fˆij]gg − ifAˆk, fFˆql, [Aˆp, Fˆij]gg
−fAˆk, fAˆp, [Aˆq, [Aˆl, Fˆij ]]gg+ fAˆp, fAˆk, [Aˆl, [Aˆq, Fˆij]]gg
+ifAˆk, fAˆp, [∂lAˆq, Fˆij]gg − ifAp, fAˆk, [∂qAˆl, Fˆij ]gg
)
+(α, β dependent terms)
= −14 iδθkl2 δθ
pq
1 [Fˆij, AˆkAˆpFˆlq] +O(∂Fˆ ). (19)
Right hand side of (18)(19) has terms that is not O(∂Fˆ ) but is the form of






means that Aˆi and Fˆij can be determined uniquely up to gauge transforma-
tion in such rough approximation ignoring O(∂Fˆ ).
In [1] it is discussed ordinary Dirac-Born-Infeld Lagrangian and noncom-
mutative one are equal up to total derivative and up to O(∂Fˆ ). They dis-




det(G + Fˆ + Φ) (20)
is invariant up to total derivative and up to O(∂Fˆ ) under variation with
respect to θ. The gauge field of ordinary Dirac-Born-Infeld theory is in Aθ=0
and noncommutative one is in Aθ 6=0. 6 In their proof, (5) is used with
α = β = 0. As shown above, there is in general ambiguity due to α, β
dependence in (5) but this is negligible.
As previous sections there is ambiguity to determine Aˆi (or Fˆij) from Ai
because of path dependence in θ-space, that implies




5Notice that if θkl 6= 0, Fˆij is not gauge invariant even in U(1) case.
6Φ is given by 1G+Φ = −θ + 1g+B , where G, g, B is open string metric, closed string
metric and NS 2-form field, respectively. Φ = 0 case is (ordinary) noncommutative Dirac-
Born-Infeld action.
8
but this path dependence is up to gauge transformation (16)(17) and neg-
ligible. Therefore their proof of equivalence of ordinary Dirac-Born-Infeld
action and noncommutative one (or generally equivalence of the action (20)
in θ-space) is also justified from our context. This means that in this physical
input (i.e., equivalence of ordinary DBI action and noncommutative one) no
ambiguity is restricted.
5 Conclusions and Discussions
We considered a transformation from Aˆi, λˆ 2 Aθ to A˜i, λ˜ 2 Aθ˜ which is
‘determined’ by gauge equivalence. This transformation has large ambiguity
due to path dependence in θ-space. However this ambiguity is negligible in
particular in U(1) case and in rough approximation ignoring O(∂Fˆ ). This
fact justifies equivalence of noncommutative Dirac-Born-Infeld Lagrangian
(20) in θ-space.
However the ambiguity is no longer negligible in U(n) case or U(1) case
if θ 6= 0 and O(∂Fˆ ) is considered because path dependence (7) is not the
form of gauge transformation. So if one considers O(∂Fˆ ) correction from
Dirac-Born-Infeld action or U(n) generalization of (20) by using transfor-
mation restricted only by gauge equivalence, one should treat it carefully.
Geometrical interpretation of variation with respect to θ such as (5) would
be required.
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